Quasi-Periodic Oscillations Resonantly Induced on 
Spin-Induced Deformed-Disks of Neutron Stars 



oscillations are summarized. Some of these resonant oscillations seem to explain the 
frequencies of the observed kHz QPOs in objects of which the spin frequency is known. 
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O . Abstract 

. We consider the situation where a spin-induced wavy perturbation is present on 

! ^ . disks of neutron-star low-mass X-ray binaries. By non-linearly coupling with the 

■^j- ■ perturbation, some modes of disk oscillations resonantly interact with the disks. We 

examine the resonant conditions under the assumption that the disks are vertically 
isothermal. The results show that when the spin frequency has some particular values, 
' resonant coupling occurs at some radii. The modes and frequencies of these resonant 
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j 1. Introduction 

In many neutron-star and black-hole X-ray binaries, various kinds of quasi-periodic 
oscillations (QPOs) have been observed (see van der Klis 2004 for a recent review). Their 
c$ ; origin is still being debated, but many authors suspect that they are disk phenomena in a 
strong graviatational field of general relativity (e.g., Abramowicz, Kluzniak 2001; Kluzniak, 
Abramowicz 2001). 

Observations of neutron-star X-ray binaries of which the spin rate of the central star 
is observed show that the frequency difference of a pair of kHz QPOs is close to, or half of, 
the neutron-star spin frequency. Regarding this frequency relation as the essence of kHz QPO 
phenomena in neutron-star X-ray binaries, Lamb and Miller (2003) proposed a sonic-point spin- 
resonance model. On the other hand, extending their model of 3:2 resonances of high-frequency 
QPOs in black-hole X-ray binaries, Kluzniak et al. (2004) and Lee et al. (2004) proposed models 
in which the disk responds to external perturbations at its own eigen-frequencies related to the 
radial and vertical epicyclic frequencies at a certain radius. 
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In a series of papers (Kato 2003, 2004a,b, 2005a,b), we proposed the idea that the cause 
of kHz QPOs are related to disk deformation by a warp. In this model, the presence of disk 
deformation by a warp is the cause of kHz QPOs, leading to resonant interactions between 
disk oscillations and the deformed disks at some particular radii. The resonance conditions 
due to these resonant processes are examined in detail (Kato 2004a, 2005a,b). Whether the 
oscillations are really spontaneously excited by the resonances is also examined (Kato 2004b). 
Based on these studies, we proposed a unified model of QPOs (Kato 2005a,b). That is, kHz 
QPOs in neutron-star X-ray binaries and high-frequency QPOs in black-hole X-ray binaries 
come from the same mechanism and are explained as resonant oscillations in warped disks. 

In the above-mentioned resonance model in warped disks, the spin of the central neutron 
star has no part. In real disks, however, the presence of spin-induced perturbations is expected 
on disks in addition to warps. A disk deformed by a spin-induced perturbation is similar to the 
disk deformed by a warp in our present problem. Hence, we can expect resonant interactions 
between disk oscillations and spin-induced deformed disks by the same mechanism as in the case 
of warped disks. In this paper, we examine this issue. The main interest is to derive relations 
between the frequencies of the resonant oscillations and the spin frequency, and examine whether 
there are cases where the frequency difference of the resonant oscillations is close to the spin 
frequency, or half of it. Finally, by applying our present model, we estimate the masses of X-ray 
sources whose spins as well as QPOs are known. 

2. Spin-Induced Oscillations by the Star— Disk Interaction 

Let us assume a non-axisymmetric perturbation (such as a burst) on the surface of a 
spinning neutron-star. Since the central star and the surrounding disk are dynamically coupled 
by a magnetic field, or radiative processes, a perturbation rotating with the same spin frequency 
as the central star, say u s , is imposed on the disk with various azimuthal wavenumber, m s , and 
vertical wavenumber, n s . Except for the inner transition zone of the disk, and except for the 
initial epoch of the perturbations, eigen-mode oscillations with (cu 8 , m s , n s ) remain on the disk. 
Without loss of any generality, we hereafter consider a particular set of m s and n s , where m s = 0, 
1, 2 ... and n s = 0, 1, 2, .... 

The next issue that we should consider here is where the normal-mode oscillations with 
u s , m s , and n s preferentially exist on disks. To discuss this issue we consider the dispersion 
relation. The dispersion relation describing small-amplitude local wavy perturbations in geo- 
metrically thin and vertically isothermal disks is (e.g., Kato et al. 1998; Kato 2001) 



where u, m, and k are, respectively, frequency and azimuthal and radial wavenumbers of 
perturbations. Furthermore, n is zero or a positive integer related to the number of nodes in 
the vertical direction. The quantities fi(r), k(v), and fij_(r) are, respectively, the Keplerian 
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frequency and the epicyclic frequencies in the radial and vertical directions, where r is the radial 
distance from the z-axis of cylindrical coordinates (r, ip, z) whose origin is at the center of the 
central object and the z-axis is in the direction perpendicular to the disk plane. The quantity 
c s (r) is the isothermal acoustic speed on disks. 

This dispersion relation shows that there are two modes of disk oscillations: one is the 
modes whose (u — mQ) 2 is smaller than k 2 , and the other is those whose (uj — mQ) 2 is larger 
than nQ\, when n ^ 0. The former is the g-modes and the latter the p-modes. In the case 
of n = 0, the oscillation modes present on the disks are only those whose (u — mQ) 2 is larger 
than n 2 . They are classified as p-modes. The propagation regions of these oscillations on the 
uj-r plane are described, for example, by Kato et al. (1998) and Kato (2001). The propagation 
region of the g-mode oscillations, for example, is — k < uj — mQ < k, for a given uj and m. The 
outside of this region is an evanescent region, where the amplitude of the oscillations decreases 
exponentially. In the propagation region, apart from the boundaries, however, the wavelength 
of the oscillations becomes quite short, since the difference between (uj — mQ) 2 and k 2 increases 
there, and it must be compensated by the term with k 2 c 2 in the second term of the left-hand 
side of the dispersion relation. In this sense, the g-mode oscillations have a large amplitude and 
a relatively global structure only in the region near to the boundaries, i.e., around uj — mQ ~ k, 
or uj — mQ ~ —k. Similarly, the p-mode oscillations have a large amplitude and relatively global 
structure only in the region around the radii where uj — mQ ~ n 1 / 2 !^, or uj — mQ ~ — n l l 2 Q±, 
when n^O. In the case of n = 0, the corresponding region is around radii of uj — mQ ~ k, or 
uj — mQ ~ —k. 

The above consideration of the characteristics of oscillation modes suggests that when 
perturbations with uj s , m s , and n s are once imposed on disks due to a non-axisymmetric per- 
turbation of the stellar surface, the disk predominantely responds near to the radii where 



The former is the g-mode-type response (including the p-mode-type response with n s = 0) of 
the disks, while the latter is the p-mode-type response with n s ^ 0. 

3. Disk Oscillations and Their Resonant Interaction with Deformed Disks 

3.1. Disk Oscillations 

We consider here disk oscillations with frequency u, azimuthal wavenumber m, and n 
characterizing the vertical node number. Discussions made in the previous section concerning 
dispersion relation (1) show that if we consider the g-mode oscillations of n ^ or the p-mode 
oscillations of n = 0, they preferentially exist around the radii specified by 




(2) 



or 




(3) 
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Fig. 1. Feedback processes of nonlinear resonant interactions acting on oscillations. The original oscilla- 
tions are characterized by w, m, and n. A perturbation on the neutron star surface spinning with angular 
velocity uj s brings about a wavy perturbation on disks. We consider wavy perurbations characterized by 
w s , m s , and n s . A non- linear interaction between the original oscillation and the wavy perturbation gives 
rise to intermediate modes having oscillations of lu±lu s1 m±m s , and n, where h is an integer between 
n + n s and \n— n B | with step two. To these intermediate oscillations, the disk resonantly responds at 
certain radii. Then, the intermediate oscillations feedback to the original oscillations after the resonance. 
This feedback process amplifies or dampens the original oscillations, since resonances are involved in the 
interaction processes. 



The p-mode oscillations with uj, m, and 0), on the other hand, exist preferentially around 
the radii specified by 



In the followings we examine in what cases those disk oscillations have resonant interactions 
with the disks deformed by spin-induced perturbations. 

3.2. Nonlinear Interactions 

Here, we consider nonlinear interactions between the disk oscillations described in sub- 
section 3.1 and the spin-induced perturbations described in section 2. The non-linear inter- 
action process, which we consider here, are schematically shown in figure 1. The functional 
forms associated with the disk oscillations with u, m, and n are approximately characterized 
by exp[i(u;t — mip)]H n (z/H) (see Kato 2004b), where H n is a Hermite polynomial of order n 
with the argument z/H, H(r) being the vertical scale height of the disk. The spin-induced 
perturbations, on the other hand, are characterized by exp[i(u s t — m s <p)]H ns (z / H) . 

Nonlinear interactions between the above two oscillations induce intermediate oscilla- 
tions that are characterized by 




(4) 




(5) 
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exp[i(u ± u) a )t — i(m ± m s )<p]Hn(z/H), (6) 

where two types of oscillations are written in a single equation, i.e., the oscillations of the 
upper signs and those of the lower signs. This kind of abbreviation is often used hereafter 
without notice. Here, some comments on Hn(z/H) are necessary. The product of H n (z/H) 
and H ns (z/H), resulting from the nonlinear coupling between the oscillations (with uj, m, and 
n) and the spin-induced perturbations (with uj s , m s , and n s ), should be expressed as a sum of 
Hermite polynomials, so that we can pick up an eigenmode of oscillations from the nonlinear 
coupling terms. The product of H n (z/H) and H na (z/H) is a polynomial of z/H with the 
highest order term of (z/H) n+nB . This consideration shows that the product can be expressed 
as a sum of Hermite polynomials of the order of n + n s , n + n s — 2 , . . . and | n — n s | . Among these 
terms, we pick up a particular term, n. That is, n of Hn(z/H) in equation (6) is 

n = n + n s , or n + n s — 2, or or \n — n s \. (7) 

The oscillations described by equation (6) are intermediate oscillations in the sense 
that they nonlinearly couple again with the spin-induced perturbations to feed back to the 
original oscillations of uj, m, and n (see figure 1). Such nonlinear feedback to the original 
oscillations can amplify or dampen the original oscillations, since in the process of this feedback 
a resonance process is involved, as we discuss below. That is, the oscillations characterized by 
exp[i(u±uj s )t — i(m±m s )Lp]Hn(z / H ) have resonant interactions with the disk at the radii where 
the dispersion relation of the intermediate oscillations (i.e., oscillations with uj±uj s , m±m s , and 
h) is satisfied. Since the effects of the pressure term on the dispersion relation (1) is negligible, 
unless the wavenumbers are very large, the resonance conditions can be approximatedly written 
as 

\(lo±uj s ) - (m±m s )Q] 2 = k 2 (8) 

or 

\(uj±uj s ) - ( y m±m s )Q} 2 = hQ 2 ± . (9) 

The former is a resonance condition due to the horizontal motions, while the latter is a resonance 
condition due to the vertical motions (Kato 2004b). 

As a result of the resonances, the energy exchange between the original oscillations (of 
uj, m, n) and the disk rotation occur, leading to amplification or damping of the oscillations 
(Kato 2004b). Which occurs depends on the behavor of the oscillations at the resonant radii. 
This is a complicated problem [see Kato (2004b) for the case of warped disks] , and beyond the 
scope of this paper. In this paper we only concentrate on where the resonances occur, and how 
much are the frequencies of the resonant oscillations. 

For the resonances to have strong effects on the oscillations, they must occur in the 
region where both the disk oscillations (with uj, m, and n) in consideration and the spin- 
induced perturbations (with ui s , m s , and n s ) have large amplitudes and moderately global 
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structures. This implies that the radius where equations (2) or (3) is satisfied and the radius 
where equations (4) or (5) is satisfied are the same, and further must be the radius where one 
of the resonant conditions [equation (8) or (9)] is satisfied. That is, three relations [equations 
(2) or (3), equations (4) or (5), and equations (6) or (7)] must be satisfied simultaneously. In 
principle, there are eight sets of combination. 

4. Resonant Conditions 

The resonance conditions discussed above are separately examined in two cases where a 
perturbation imposed on disks by the spin of the central star is a g-mode-type oscillation or a 
p-mode-type oscillation. 

4-1. g- Mode- Type Spin-Induced Perturbations 

The spin- induced g-mode-type perturbations are described by equation (2). This case 
is further decomposed into two cases. The first one is the case where the disk oscillations on 
the perturbed disks are g-modes. The second one is the case where the disk oscillations are 
p-modes. 

4-1.1. g-mode oscilations 

The g-mode oscillations are described by equation (4). There are two types of resonances. 
The first is the resonances through horizontal motions. In this case, the equation to be combined 
with equations (2) and (4) is equation (8). Some examination easily shows that the set of these 
three equations is simultaneously satisfied at the radius of k = 0. The radius of k = (say r c ), 
however, is not a resonance point in our present approximate treatment. This is because the 
intermediate oscillations behaves around r c as oc l/(r — r c ) 2 , not as oc l/(r — r c ). That is, the 
point is not a pole, although it is a singular point (see Kato 2004b). Consequently, there are 
no horizontal resonances in the case where the spin-induced perturbation is a g-mode type and 
the disk oscillations are g-modes. 

Next, we consider the vertical resonances. In this case the resonance condition is equation 
(9), not equation (8), and the set of equations to be discussed are equations (2), (4), and (9). 
Eliminating uj and uj s from these equations, we have 

K=-n 1/2 Q ± , (GGV) (10) 

where the facts that n 7^ and k, 2 < have been used, and GGV stands for the spin-induced 
perturbations are the g-mode type, the disk oscillations are g-modes, and the resonances are 
vertical. Equation (10) shows that resonances are possible only when n — 1, 2, and 3, since 
k must always be smaller than Q±. When numerical figures are presented, we hereafter take 
Q± — n — Qk, where fix is the relativistic Keplerian angular velocity of rotation. Then, the 
radii where resonances occur are 4.0r g for n = l, 6.0r g for h — 2, and 12.0r g for n — 3, where r g 
is the Schwarzschild radius defined by IGMjc 2 and M is the mass of the central object. 
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The spin frequency, u s , and the frequency of the disk oscillations, u, which make the 
above resonances possible are obtained from u s — m s Q = ±k, and u—mQ = ±k, respectively. The 
numerical values of u s and the ratio uo/uj s in the case where the mass of a central neutron star, 
M, is IAMq are shown in tables 1, 2, and 3 for some values of m and m s . It is noted that the 
value of uj/uj s is independent of the mass of the central star, while u; s varies as uj s oc (M/1.4M ) _1 
if M is changed. 

4-1-2. p-mode oscillations 

There are two kinds of resonances, i.e., horizontal and vertical resonances. They are 
separately studied. 

(a) Horizontal resonances 

The resonance condition in this case is obtained from the set of equations (2), (5), and 
(8). Elimination of u and u s from these equations shows that the resonance radii are given by 

K = ^n 1/2 Q ± , (GPH) (11) 

where GPH implies that the spin-induced perturbations are the g-mode type, the disk oscilla- 
tions are p-modes, and the resonances are horizontal. This equation shows that the resonances 
occur for disk oscillations of n — 1, 2, or 3. The resonance radii are the same as those discussed 
in subsubsection 4.1.1. Different from the case of subsubsection 4.1.1, the disk oscillations must 
satisfy oj — mVt = ±n 1 / 2 Q± and the spin frequencies must satisfy cu s — m s ^l = ±k at the resonance 
radii. The results are also given in tables 1, 2, and 3, as parts of the tables. 

(b) Vertical resonances 

Next, we consider the vertical resonances. The equations to be adopted here are the set 
of equations (2), (5), and (9). Eliminating u> and u s from these equations, we have 

K = (ti 1/2 - n l/2 )n ± or k= (n 1/2 -n 1/2 )fi ± , (GPV) (12) 

depending on which of h and n is larger. Here, GPV means that the spin-induced perturbations 
are the g-mode type, the oscillations are p-mode, and the resonances are vertical. This kind of 
resonances occurs at many radii. We, however, restrict here our attention only to n, n = 1, 2, 
and 3, since the cases of large n and n are observationally uninteresting. Then, the radii given 
by equation (12) are k = (V3-V2)Q ± , (V3-l)fii, and (v^-l)^. The spin frequencies, u s , 
i.e., to s — m s tt = ±k, and the frequencies, lu, of the disk oscillations, i.e., to — mVL = ^cn l / 2 VL^_, in 
these cases are shown in tables 4, 5, and 6. 

4-2. p-Mode-Type Spin- Induced Perturbations 

In this subsection, we consider the case where the perturbations induced on disks by the 
spin of the central star are p- mode-type oscillations, described by equations (3). The two cases 
concerning disk oscillations, i.e., the cases of g-mode oscillations and p-mode oscillations, are 
separately considered below. 
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4-2.1. g-mode oscillations 

The set of equations to be combined to examine the resonances in this case are equations 

(3) , (4), and (8) for the horizontal resonances. When the vertical resonances are studied, 
however, equation (9) should be used instead of equation (8). 

(a) Horizontal resonances 

First, we consider the horizontal resonances. Eliminating u s and ui from equations (3), 

(4) , and (8), we have 

K = ±n l J 2 n ± , (PGH) (13) 

where PGH implies that the spin-induced perturbations are p-mode type, the disk oscillations are 
g-modes and the resonances are horizontal. The resonances appear only when the spin-induced 
perturbations have n s = 1, 2, or 3. The spin frequencies, uj s , satisfying ui s — m s fl = ±n^ 2 Q± 
and the frequencies, uj, of the disk oscillations satisfying uj — mQ = ±re are also given in tables 
1, 2, and 3. 

(b) Vertical resonances 

Next, we consider the vertical resonances. In this case we solve the set of equations (3), 
(4), and (9). The results show that the resonances occur at radii satisfying the relation 

K=(nl /2 -n 1/2 )n ± or « = (n 1/2 - n s 1/2 )fi ± , (PGV) (14) 

depending on the magnitude of n s and n. The radii of these resonances are the same as those 
in the case of GPV, but the values of uj and u; s required for these resonances are different from 
those in the case of GPV. The results are given in tables 4, 5, and 6. 

4-2.2. p-mode oscillations 

As in the previous cases, there are two possibilities concerning the types of resonances. 
One is a horizontal resonance, and the other is a vertical resonance. First, we consider the 
horizontal resonances. The equations that we should use are equations (3), (5), and (8). From 
these equations, we have 

K=(n 1 / 2 -n 1 J 2 )n ± or « = (n s 1/2 - n 1/2 )n ± , (PPH) (15) 

depending which of n and n s is larger. The resonances occur at the same radii as in the cases 
of GPV and PGV, but the frequencies of the resonant oscillations are different. The results are 
also given in tables 4, 5, and 6. 

The final is the case where the resonances are vertical. The set of equations to be used 
are equations (3), (5), and (9). These equations give 

f l = n 1 / 2 + n 1 J 2 , or n 1 ' 2 -^ 2 , or n^-n 1 ' 2 . (16) 

These relations cannot be satisfied as long as n, n s , and h are positive integers. That is, there 
is no resonance in this case. 

8 



5. Discussion 

Tables 1-6 give the ratio u>/u; s in cases where the disk oscillations have resonant in- 
teractions with the disks through non-linear coupling with spin-induced perturbations. The 
spin-frequency, u s , in these tables are for the mass of the central source being 1.4M . The ra- 
tio uj/uj s is, however, independent of the mass. Resonant interactions occur only for cases where 
the central star has some particular spin frequencies, as shown in tables, and for combinations 
of i) the modes of the spin- induced perturbations [g-mode-type(G) or p-mode-type(P) motion], 
ii) the types of disk oscillations [g-mode(G) or p-mode(P)], and iii) the types of resonant in- 
teractions [horizontal(H) or vertical(V)]. The tables are restricted only to cases where m, m s , 
n, and n s , and n are smaller than 3, except for some particular cases, since the oscillations 
with a large number of nodes in the azimuthal and vertical directions would be observationally 
uninteresting. 

Recent observations of kHz QPOs in X-ray binaries show that in neutron-star X-ray 
binaries where the spin frequency is known, the frequency difference of a pair kHz QPOs is 
close to, or half of, the spin frequency of the central stars, i.e., Au> ~ u s or Au> ~ uj s /2 [van der 
Klis (2000) for review, and see also Wijnands et al. (2003)]. Their appearance may not be by 
chance, and should be explained. Tables 1-6 show that in our present model there are many 
cases where Au; = u s , Au = u s /2, or Au; = u s /3 holds exactly. Such cases are summarized in 
tables 7-12. The set of disk oscillations with Au> = u s is given in the tables by figures enclosed 
by parentheses. The set of disk oscillations with Au = u s /2 is shown by figures enclosed by 
double brackets. The set of disk oscillations whose frequency difference is close to Au; = u» s /2 
(not equal to Au; = u> s /2) is shown by attaching the superscript * in addition to double brackets. 
The cases where Au = u> s /3 holds are shown in table 7 by triple brackets. 

Tables 7-12 show that Au = u s occurs in slowly rotating objects as well as in rapidly 
rotating ones. Unlike this, the resonances of Au = u s /2 occur only when the spin of the central 
object is rather high, i.e., u s > 1 kHz (see tables 7, 11, and 12), when M~ 1.4M Q . (In the case 
of M = 1.4M Q , the Kepler frequency at r = 3r g is 1.57 kHz.) Even if the rotation is not very 
rapid, however, our resonance model has cases of Au; = u> s /2 (see table 9). 

Let us now discuss individual objects. Wijnands et al. (2003) recently reported the 
detection of kHz QPOs from a millisecond pulsar, SAX J1808.4— 3658. They are a pair whose 
frequencies are close to 500 Hz and 700 Hz. The spin frequency, on the other hand, is inferred 
to be 400 Hz. This object is a rather convincing example of Au; ~ u> s /2, and the ratio of 
u>/u; s is 1.25 and 1.75. In our resonance mode, a case where the frequencies of possible two 
oscillations are exactly 1.25 and 1.75 (in units of u s ) exists when u> s = 2035 Hz (for M = 1.4M Q ), 
as shown in tables 1 and 7. If we regard this set of pair oscillations as those observed in SAX 
J1808.4— 3658, the difference between 2035 Hz and the observed frequency, 400 Hz, must be 
regarded as mass difference. The scaling concerning mass gives that the mass of the central 
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source of SAX J1808.4-3658 is 1.4 x (2O35/4OO)M , which is 7.1M . Such a large mass cannot 
be a neutron star, suggesting that this identification is inappropriate. In our model, however, 
there is a case where uj/uj s is close to 1.25 and 1.75, although they are not exactly equal to 
1.25 and 1.75. This is a case of GPH resonances at r = 12.0r g with m s = 3 and n — 3. That 
is, table 3 (see also table 9) shows that when the mass of the central source is 1.4M Q and the 
spin frequency is u s = 418 Hz, there are disk oscillations whose frequencies are described by 
1.28(m = 1) and 1.75(m = 2) in units of u s . They are close to the observed set of ratios, i.e., 1.25 
and 1.75. The difference between 1.28 and 1.25 is not serious, since in our model the frequencies 
of disk oscillations are not robust, as discussed later. Since the observed spin frequency of SAX 
J1808.4— 3658 is 400 Hz, a comparison of 418 Hz in table 3 with the observed 400 Hz leads to 
the fact that the mass of the object is 1.46 M [= 1.4M x (418/400)]. Wijnands et al. (2003) 
report that in SAX J1808.4— 3658 a third QPO near 410 Hz was detected on four occasions. 
This frequency is 1.03 in units of u s . The presence of such an oscillation is not suprising in our 
model, since uj/ou s — 1.06 is present as an oscillation of m = 4 (see table 3). 

Among the five objects listed by van der Klis (2000) as the objects where both a pair kHz 
QPOs and spin frequency are observed, KS 1731—260 seems to belong to the same category 
as SAX J1808.4— 3658. In KS 1731—260, the observed spin frequency is 524 Hz and three kHz 
QPOs (900 Hz, 1160 Hz, and 1205 Hz) have been observed. They are 1.72, 2.21, and 2.30 in 
units of u; s (=524 Hz). A set of oscillations close to them are really found in GPH resonances 
(m s = 3, n — 3) at 12.0r g , i.e., 1.75 and 2.22, and in GGV resonances (m s = 3, n = 3) at 
r = 12.0r g , i.e., 2.28 (see table 3 and also table 9). This is realized when the spin frequency is 
418 Hz (when M = 1.4M ). If we identify these oscillations with the observed ones, the mass 
of the central source of KS 1731-260 is 1.4M x (418/524) = 1.1M . 

Let us discuss other sources listed in table 4 of van der Klis (2000). First we consider 
4U 1702—43. Among the various frequencies observed in this source, we pick up 655 Hz and 
1000 Hz. Since the observed spin frequency is 330 Hz, we have uj/uj s = 1.98 and 3.03, which 
are close to 2:3. In our model, a pair of disk oscillations of 2:3 occurs at r = 4.0r g (GPH and 
GGV resonances) when the spin frequency is 509 Hz (for M = 1.4M ), as shown in tables 
1 and 7. If we identify these oscillations with the observed ones, the mass of the central 
source becomes 2.1M by the scaling of mass, i.e., M = 1.4M x (509/330) = 2.1M . This 
mass might be somewhat larger than a possible upper limit of the netron-star mass. There is, 
however, another possibility that the pair corresponds to 2.00(m = 2) and 3.08 (m = 4) of GPH 
resonances (m s = 1 and h = 3) at 12.0r g (see table 3). The spin frequency in this case is 365 
Hz if the central mass is 1.4M . If we adopt this identification, the mass of the central source 
is 1.4M x (365/330) = 1.55M . This identification is supported if we consider that when the 
spin frequency is 365 Hz (M = 1.4M ), there are GGV resonances (m s = 1 and n = 3) and we 
have oscillations of 2.07(m = 3) and 2.60(m = 4) (see table 3). The observations, on the other 
hand, show the presence of oscillations of 2.12 (700 Hz) and 2.73 (902 Hz). They are close to 
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2.07 and 2.60, respectively. 

In 4U 1728—34, many kHz oscillations have been observed. We take here the oscillations 
of 510 Hz and 875 Hz as typical ones. Then, we have uo/uj s = 1.40 and 2.40, since the spin 
frequency, u B , is known to be 364 Hz. Table 2 shows that in our resonance model, oscillations 
of uj/uj & = 1.41(m = 1) and 2.41(m = 0) are present, respectively, in GPH (with m s — 1 and 
n — 2) and GGV (with m a — 1 and n — 2) resonances at r = 6.0r g . The required spin frequency 
is 162 Hz when the mass is 1.4M . If we adopt this identification, the mass of this object is 
1.4M x (162/364) = O.62M . 

In the case of 4U 1636—53 we adopt 900 Hz and 1190 Hz as typical oscillations. The 
spin frequency, u s , is 582 Hz. Hence, uj/uj s = 1.55 and 2.04, and Auj ~ uj s /2. In our model, 
GGV resonances (with m s = 1 and n — 3) at r = 12.0r g have oscillations of 1.54(m = 2) and 
2.07(m = 3) in units of u s , as shown in table 3. The spin frequency for these oscillations 
is 365 Hz when M = 1.4M . If we adopt this identification, the mass of 4U 1536—53 is 
1.4M x (365/582) = O.87M . 

Finally, we consider AqlX-1, which has oscillations of 670 Hz, 930 Hz, and 1040 Hz. 
Since the spin frequency is 549 Hz, the frequencies of these oscillations are 1.22, 1.69, and 1.89 
in units of the spin frequency. In our model, we have 1.23(m = 3), 1.66(m = 2), and 1.81(m = 4) 
for PGH resonances (with m s = and n s = 3) at r = 12.0r g (see table 3). The required spin 
frequency for these resonances is 339 Hz when M = 1.4M . If we regard the observed QPOs 
as those mentioned above, the mass of the central object is 1.4M x (339/549) = O.86M . All 
of the results mentioned above for six objects are summarized in table 13. 

It is encouraging that only a few types of resonances appear in table 13. In principle, 
there are six types of resonances, i.e., GGV, GPH, GPV, PGH, PGV, PPH (GGH and PPV 
are absent). Each one is further divided into subclasses by different combinations of m s , n s , n, 
etc. In spite of these varieties of resonances, all QPOs in two sources (J1808.4— 3658 and KS 
1731-260) and some of QPOs in three sources (4U 1702-43, 4U 1728-34, 4U 1636-53) are 
accomodated with the types of GPH and GGV. This suggests that this accomodation is not by 
chance, but these resonances really work in many sources. 

Here, we discuss some characteristics of the present resonant model. First, we should 
emphasize that for our present resonances to work, the central star must have some particular 
spin frequencies, as shown in the tables. This does not mean that all sources with kHz QPOs 
must have particular spin frequencies. Our standpoint is that kHz QPOs come from resonant 
interactions of disk oscillations with deformed disks. As possible deformations of disks there 
are some cases. The most interesting one in relation to kHz QPOs is a warp, and we proposed 
models that kHz QPOs in neutron-star and high-frequency QPOs in black-hole X-ray binaries 
are due to resonant interactions of disk oscillations with warped disks (Kato 2005a,b). The 
present resonances in spin-induced deformed- disks are supplementary in the sense that they 
work only when spin has some particular values. 
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In the present resonance model, as in the warp model, the appearance of oscillations in 
a pair is not essential. This is favorable for the fact that observed QPOs are not always a pair, 
but occasionally only one QPO is observed. In our model, however, the cases where three or 
more oscillations simultaneously appear are not excluded. For example, a set of oscillations of 
different azimuthal wavenumber m, with the same other parameters are possible. The QPOs 
in J1808.4— 3658 and AqlX-1 can be regarded as such a set of oscillations (see table 13). One 
of tests whether our present model really works is to examine whether there are other sources 
where more than three QPOs are observed, and they can be regarded as a set of oscillations 
with different m, although other parameters are the same. 

Comparison of QPO frequencies derived by our present model to those of observations 
showed that in some cases their agreements are not good enough. It is important to note 
here that these differences are natural and rather favorable for the present model, since in the 
present model the temperature in disks is assumed to be isothermal in the vertical direction. 
In real disks, this will not be the case. The temperature may decrease in the vertical direction. 
Also, it may change with time. Then, the frequencies of p-mode oscillations with n ^ 1 as well 
as the conditions of vertical resonances of h ^ 1 are modified (Kato 2005b). Considerations of 
these modifications may more favarably explain the observed QPO frequencies and their time 
variations. Further examinations in this direction are worthwhile in the future. 
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Table 1. Frequencies of resonant oscillations at re = (1/2)Q (r = 4.0r g ) in units of w s - 



GGV uj = mfl + k = mil — k 



Lu s (m s ,h) 


m = 


m = 1 


m = 2 


m = 3 


m = 


TO = 1 


m = 2 


m = 3 


T509Hz(0,l) 


T LOO 


T3.00 


T5.00 


T7.00 


±1.00 


Tl-00 


T3.00 


T5.00 


509Hz(l,l) 


1.00 


3.00 


5.00 


7.00 


-1.00 


1.00 


3.00 


5.00 


1526Hz(2 or 1,1) 


0.33 


1.00 


1.67 


2.33 


-0.33 


0.33 


1.00 


1.67 


GPH 




lu = mil 


+ n 1 / 2 fl ± 






LU = TOO - 






oj s (m s ,n) 


m =0 


in = 1 


m = 2 


m = 3 


TO = 


TO = 1 


m = 2 


m = 3 


T509Hz(0,l) 


T2.00 


T4.00 


T6.00 


T8.00 


±2.00 


0.00 


T2.00 


T4.00 


509Hz(l,l) 


2.00 


4.00 


6.00 


8.00 


-2.00 


0.00 


2.00 


4.00 


1526Hz(l,l) 


0.67 


1.33 


2.00 


2.67 


-0.67 


0.00 


0.67 


1.33 


PGH 




uj = mQ + k 






lu = mil — K 




UJ s (m s ,n s ) 


to = 


m = 1 


m = 2 


m = 3 


m = 


m = 1 


m = 2 


m = 3 


0Hz(l,l) 


















Tl018Hz(0,l) 


T0.50 


Tl-50 


T2.50 


T 3.50 


±0.50 


T0.50 


Tl-50 


T2.50 


1018Hz(2,l) 


0.50 


1.50 


2.50 


3.50 


-0.50 


0.50 


1.50 


2.50 


2035Hz(l,l) 


0.25 


0.75 


1.25 


1.75 


-0.25 


0.25 


0.75 


1.25 



Sets of oscillations of Alo/lu s = 1 are in parentheses, those of Alu/lu s = 1/2 are in double brackets, and those 
of Alu/uj s = 1/3 are triple brackets. 

Sets of oscillations of Alu/lu s = 1 are in parentheses and those of Alu/lu s ~ 1/2 are double brackets with 
superscript * 

Sets of oscillations of Alu/lu s = 1 are in parentheses, those of Alu/lu s = 1/2 are in double brackets, and those 
of Alu/uj s ~ 1/2 are double brackets with superscript *. 

Sets of oscillations of Alu/lu s = 1 are in parentheses, those of Alu/lu s = 1/2 are in double brackets, and those 
of Alu/uj s ~ 1/2 are double brackets with superscript * 
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Table 2. Frequencies of resonant oscillations at k = (V2/2)Q (r = 6.0r g ) in units of oj s . 



V 




LU = 


mVi ± k 






a; = mfl — k 




w s (m s ,n) 


777 — 


171 = 1 


,™ o 


777 — 3 


m — 


m = 1 


m = 2 


777 — 3 


1 ^JOTT^/I oA 

10zrlz^l,z ) 


9 A 1 

Z.41 


O.oo 


o 0/i 
y .z4 


in fiC 
1Z.00 


— z.41 


1.00 


4.42 


7 77 
(.11 


-T-Qooxjr^/'n OA 
^6i>Ztiz[U,Z ) 


-i- 1 nn 

-pi.uu 


-i-O A 1 






i i nn 
±1.UU 


T0.41 


Tl-83 


-i-Q OA 


71 /?TT~ ^ O O \ 

( Lbriz[Z,Z ) 


(J. 55 


1 o o 

1.3z 


o nn 
2.09 


Z.00 


—0.55 


0.23 


1.00 


z.45 


Q4fiT4Wl 9^. 




1.00 


1.59 


9 1 7 


-0.41 


0.17 


0.76 




Iz l(ltlZ[o,Z ) 


n Q1 
U.ol 


0.74 


1.18 


1 ft9 
l.OZ 


-0.31 


0.13 


0.56 


l.UU 


10UUrlZ^Z,Z J 


U.ZO 


0.63 


1.00 


l.O 1 


-0.26 


0.11 


0.48 


U.oO 


zuo^nzi o,z i 


1 Q 
u.iy 


0.46 


0.73 


i on 


-0.19 


0.08 


0.35 


ft £9 
u.uz 










LU = TOO - 


- n 1 / 2 !^ 




cj s (m s ,n) 


777, = 


m = 1 


m = 2 


777 = 3 


m = 


m = 1 


m = 2 


777 = 3 


1 ^OtTr^/'l OA 

10zriZ^l,z j 


A QQ 


8.24 


11.65 


1 £ fl7 
lO.U ( 


-4.83 


-1.41 


2.00 


A 1 
0.41 


-r-QOOTJr^/'n OA 
^poyzrlz^UjZ J 


-i-o nn 
=Fz.UU 


T3.41 


T4.83 


9/1 


±2.00 


±0.59 


T0.83 


-i-9 9/1 

= PZ.Z4 


71 CTJr, ( O O \ 

( loiiz(z,z J 


i.uy 


2.30 


2.64 


O /f 1 

0.41 


-1.09 


-0.32 


0.45 


1 oo 
l.ZO 


c/^irUJTLZl X ,Z J 


u.oo 


1.41 


2.00 


9 


-0.83 


-0.24 


0.34 


Q3 


1 07fltlWQ OA 

Iz ( Vtlz[6,Z ) 


U.OZ 


1.18 


1.49 


l.yo 


-0.62 


-0.18 


0.26 


n fin 


i ^nrmwo oA 

10UUrlZ^Z,Z 1 


u.oz 


0.89 


1.26 


1 £3 
l.Oo 


-0.52 


-0.15 


0.22 


u.oy 


On^/lMr,!''? OA 
ZUD4rlZ( i o,Z 1 


U.oo 


0.65 


0.92 


i in 
i . iy 


-0.38 


-0.11 


0.15 


U.4o 


ppn 

I V ill 




LU = 


mQ + k 






LU = mil — K 




w s (m s ,n 8 ) 


777 = 


m = 1 


m = 2 


777 = 3 


m = 


m = 1 


m = 2 


777 = 3 


00GUW1 OA 

— zzyrlz^i^z J 


1 71 
— 1. ( 1 


-4.12 


-6.54 


— o.yo 


1.71 


-0.71 


-3.12 


K KA 
— 0.04 


325Hz(2,2) 


1.21 


2.90 


4.62 


6.33 


-1.21 


0.50 


2.21 


3.91 


T554Hz(0,2) 


T0.71 


Tl.71 


T2.71 


T3.71 


±0.71 


TO. 29 


Tl-29 


T2.29 


879Hz(3,2) 


0.45 


1.08 


1.71 


2.34 


-0.45 


0.19 


0.82 


1.45 


1337Hz(l,2) 


0.29 


0.71 


1.26 


1.54 


-0.29 


0.12 


0.54 


0.95 
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Table 3. Frequencies of resonant oscillations at k = (\/3/2)f2 (r = 12.0r g ) in units of u a . 



bljV 




uj = mil + 


K 






UJ 


= mil, — 


K 




uj s (m s ,n) 


™ n 

771 — U 


m = 1 


m = 2 


m = 3 


777, — 4 


777- — 


1TI. = 1 


/// — z 


m = 3 


777 — 4 


Z0.ZtiZ[i,O ) 


0.4/ 


13.93 








—0.4/ 


l.UU 


0.4 I 


i k no 




-1-1 7(lUr7/(l Q^ 

=F1 ( Urlz(U,o ) 


-r- 1 nn 


T2.15 


T3.31 


-r-yl AR 


=Fo.oz 


±1.1)1) 






-t-O A P. 


-r-Q £JO 

^Fo.oz 




n 'id 
U.YO 


1.65 


2.53 


O A 1 

3.41 


a on 


— U.YO 


n i o 
U.lz 


1 nn 
1.00 


1.00 


z.YO 




U .T:U 


1.00 


1.54 


2.07 




— A(\ 


0.07 


0.61 


1.14 


1 fis 
± . uo 


41orlZ 1^0,0 J 


U.41 


0.87 


1.34 


1.81 


o oo 
z.zo 


C\ AA 

— U.41 


0.06 


0.53 


1.00 


1 /1 7 

1.4/ 


D01riZ^Z,o J 


n ^o 

U.oU 


0.65 


1.00 


1.35 


1 70 
1. 1 u 


*}0 
— U.oU 


0.05 


0.43 


0.75 


1 07 
l.U / 


i o ( nz^o,o j 


99 

U . ZZ 


0.48 


0.74 


1.00 


1 9fi 


99 


0.03 


0.29 


0.55 


U.Ol 


Ur rl 




UJ = 


--mil + n 1 /^^ 






uj = mfl — n 1 / 2 Q± 




u! s (m s ,n) 


,™ n 

/// — U 


m = 1 


m = 2 


ni = 3 


777 = 4 


777- = 


m = 1 


m = 2 


m = 3 


777 = 4 


Zu.zliZ^l,o ) 


ion 

iz.y 


20.4 








1 o n 

— iz.y 


-5.46 


1.15 


9.46 




=F1 ( Urlz(U,o J 


-r-o nn 
=Fz.UU 


T3.15 


T4.31 


T5.46 


— i — z?n 
^O.OZ 


±z.UU 


±0.85 


T0.31 


Tl-46 


-r-O ^O 

=pz.oz 


2zzrlz(z,oJ 


l.OO 


2.41 


3.29 


4.17 


5. Do 


— l.OO 


-0.65 


0.24 


1.12 


o nn 
Z.UU 


■)(!t;tJ 7 /1 
oujnz^ijj j 


U.jO 


1.46 


2.00 


2.54 


^ 07 
o.u / 


u.yo 


-0.39 


0.14 


0.68 


1 99 

_L . ZZ 


41orlZ 1^0,0 J 


U.ol 


1.28 


1.75 


2.22 


o fin 
z.oy 


— U.ol 


-0.34 


0.13 


0.59 


i nfi 
l.UO 


ODlrlZ^Z,o J 


o £0 


0.95 


1.30 


1.65 


9 00 

z.uu 


— U.OU 


-0.26 


0.09 


0.44 


70 

u. / y 


{ l rlZ ^0,0 ) 


U.40 


0.71 


0.97 


1.22 


1 /is 

1 .40 


A 


-0.19 


0.07 


0.33 


£.0 

u.oy 






uj = mil + 


K 






uJ 


= mil - 


K 




w s (m s ,n s ) 


777. — — 


m = 1 


m = 2 


m = 3 


777 = 4 


777 — — 


m = 1 


m = 2 


m = 3 


777 = 4 


oz.orlz^z,o j 


O.ZO 


6.96 


10.69 


14.43 




Q OQ 

— o.zo 


0.50 


4.23 


7.96 




— 14oliz^l,o ) 


1 1 C 

— l.lo 


-2.55 


-3.92 


-5.28 


-0.00 


1 1 Q 

l.lo 


-0.18 


-1.55 


-2.92 


A OC 

-4.zo 


z4oriz 1^0,0 J 


n f^c 
U.Oo 


1.47 


2.26 


3.05 


o.o4 


— U.Oo 


0.11 


0.89 


1.68 


O AT 
Z.4 / 


T339Hz(0,3) 


T0.50 


Tl.08 


Tl-66 


T2.23 


T2.81 


±0.50 


T0.08 


T0.66 


Tl-23 


Tl.81 


535Hz(l,3) 


0.32 


0.68 


1.05 


1.42 


1.78 


-0.32 


0.05 


0.42 


0.78 


1.15 


731Hz(2,3) 


0.23 


0.50 


0.77 


1.04 


1.30 


-0.23 


0.04 


0.30 


0.57 


0.84 


927Hz(3,3) 


0.18 


0.39 


0.61 


0.82 


1.03 


-0.18 


0.03 


0.24 


0.45 


0.66 
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Table 4. Frequencies of resonant oscillations at re = (V3 — \/2)Sl [r = 3.34r g ) in units of ui a . 



(jr V 




UJ — 777^1 


i „l/2o 






UJ — YtlVt 


— 11 1 \ Lj_ 




ui s (m s ,n,n) 


777 — 


777 = 1 


™ o 

Ul — z 


777- — 3 


//? — u 


Tfl = 1 


™ o 

m — z 


777 — 3 


T4z4riz( v U,z,o ) 


-i- A A £ 

^4.40 


£10 

=F l .ou 


-i-i n 7/i 

T1U. / 4 


-T-iQ on 


zL4.40 


1 i on 


-T-1 0/1 

T-L-04 


no 


yuyiiz(i,z,o j 


z.U < 


O.04 


o.UU 


d. A 7 
0.4 ( 


—z.U / 


— U.ol 


U.oO 


Z.oZ 


1 7K7T4W1 O Q\ 

1/0/ liz(^l,z,o J 


1 07 


l.oo 


9 KO 

z.oy 


O.oO 


1 H7 
— l.U ^ 


n Q1 
— U.ol 


U.40 


1 90 

1 .zu 


zz4zliz^z,z,o j 


U.o4 


1.44 


9 HQ 

z.Uo 


Z.oZ 


— U.o4 


— U.zo 


U.oo 


u.y4 


-t-4Z4HZ(^U, o,Z J 


-|-0.40 


T8.60 


Til- 74 


~r\\ A SO 

-|-i4.oy 


ztO.40 


±2.30 


TO. 84 


-r-O QQ 

-|-o.yy 


finnuWi Q 9~\ 

yuyriz^ijOjZ j 


Z.04 


4.00 


5.47 


D.y4 


Z.04 


1.07 


0.39 


l.oO 


1 7^7T4W1 3 9"l 


1 .01 


2.07 


2.83 


A 'XO 


1 ^1 
1 .01 


0.56 


0.20 


Qfi 
u.yo 


99/1914W9 3 9"l 
ZZ4ZrlZ^Z,0,Z J 


1 0*3 

1 .UO 


1.62 


2.22 


9 81 
Z .ol 


1 0^ 
1.U0 


0.44 


0.16 


7^ 
U. * 






uj = mil + k 






uj = mQ — k 




w s (m s ,n s ,n) 


777, = 


m = 1 


TO = 2 


777 = 3 


III — u 


m = 1 


m = 2 


777 = 3 


Q£71Urv/9 Q 0\ 

oo / liz(z,o,z J 


1 in 


4.92 


8.65 


1 O QQ 

Iz.oo 


i in 

— i.iy 


2.55 


6.28 


1 f\ ni 
1U.U1 


— y /oliz(l, o,z J 


— U.4o 


-1.80 


-3.17 


A KQ 

— 4.oo 


U.4o 


-0.93 


-2.30 


— O.OO 


loyuiiz^o, o,Z ) 


u.zo 


1.04 


1.83 


9 ^9 
Z.OZ 


O 9^ 


0.54 


1.33 


9 19 
Z.1Z 


TzoUoliz(U,o,z j 


-i-n i o 

=Fl).lo 


T0.76 


Tl.34 


-i- 1 no 

=Fl.yz 


i n i o 
±U.1<5 


T0.39 


T0.97 


-i- 1 cc 

=Fl.o5 


00^±±Zil±ji,0 J 


—0 77 


-3.18 


-5.60 


— % 01 


77 


-1.65 


-4.06 


U.4:0 


7Q1 TJrv/9 O Q i 

( Slrlz^ZjZjO J 


U.04 


2.25 


3.96 


0.00 


— U.04 


1.17 


2.87 


4.oo 


-)-iyoOxlZ^U,Z,o J 


-rfl 99 
-|-U. ZZ 


T0.93 


Tl.64 


-r-o qc 

-\-Z.OO 


-1-0 99 
ztU. ZZ 


T0.48 


Tl.19 


-|-i.yu 


ZlloHZ^o,Z,o J 


n 9n 
u.zu 


0.83 


1.46 


9 OQ 

z.uy 


90 
— U.ZU 


0.43 


1.06 


1 AO 

i .oy 


TJT3TT 

rrri 




lu = m.Q 


+ n 1 / 2 n 1 _ 






uj = mil 






UJ s (m s ,n s ,n) 


777 = 


m = 1 


m = 2 


777 = 3 


777 = 


m = 1 


m = 2 


777 = 3 


— oozliz(l,z,o J 


A 1 Q 

— 4.1o 


-6.60 


-9.01 


11 AO 
— 11.4o 


4.1o 


1.77 


-0.65 


—o.Uo 


/olHz(l,z,o j 


z.yo 


4.66 


6.37 


C HQ 


— z.yo 


-1.25 


0.46 


O 1 

Z.lO 


Tiyooiiz^u,z,o j 


-r-1 99 
^pi.ZZ 


Tl-93 


T2.64 




_ii 09 
zt 1 .ZZ 


±0.52 


T0.19 


-r-0 OO 

^u.yu 


2113Hz(3,2,3) 


1.09 


1.72 


2.35 


2.98 


-1.09 


-0.46 


0.17 


0.80 


357Hz(2,3,2) 


5.27 


9.01 


12.7 


16.47 


-5.27 


-1.55 


2.19 


5.92 


-976Hz(l,3,2) 


-1.93 


-3.30 


-4.66 


-6.03 


1.93 


0.57 


-0.80 


-2.17 


=F2308Hz(0,3,2) 


T0.82 


Tl.39 


Tl-97 


T2.55 


±0.82 


±0.24 


TO. 34 


T0.92 
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Table 5. Frequencies of resonant oscillations at k = (v2— 1)0 (r = 3.62r g ) in units of lu s . 



GPV 




lu = mQ 


+ n^ 2 Q_ 


L 




lu = mQ 


- nV2n ± 




uj s (m Sl n,n) 


m = 


m = 1 


m = 2 


m = 3 


777 = 


777 = 1 


m = 2 


777 = 3 


=F489Hz(0,l,2) 


T2.41 


T4.83 


T7.24 


T9.66 


±2.41 


0.00 


T2.41 


T4.83 


691Hz(l,l,2) 


1.71 


3.41 


5.12 


6.83 


-1.71 


0.00 


1.71 


3.41 


1669Hz(l,l,2) 


0.71 


1.41 


2.12 


2.83 


-0.71 


0.00 


0.71 


1.41 


1871Hz(2,l,2) 


0.63 


1.26 


1.89 


2.52 


-0.63 


0.00 


0.63 


1.26 


2849Hz(2,l,2) 


0.41 


0.83 


1.24 


1.66 


-0.41 


0.00 


0.41 


0.83 


T489Hz(0,2,l) 


T3.41 


T5.83 


T8.24 


TlO.66 


±3.41 


±1.00 


Tl.41 


T3.83 


691Hz(l,2,l) 


2.41 


4.12 


5.83 


7.54 


-2.41 


-0.71 


1.00 


2.71 


1669Hz(l,2,l) 


1.00 


1.71 


2.41 


1.41 


1.00 


0.29 


0.41 


1.12 


1871Hz(2,2,l) 


0.89 


1.52 


2.15 


2.78 


-0.89 


-0.26 


0.37 


1.00 


PGV 




lu = mil + K 






lu = mil — K 




uj s (m s ,n s ,n) 


m = 


m = 1 


m = 2 


m = 3 


777 = 


777 = 1 


m = 2 


m = 3 


-489Hz(l,2,l) 


-1.00 


-3.41 


-5.83 


-8.24 


1.00 


-1.41 


-3.83 


-6.24 


691Hz(2,2,l) 


0.71 


2.41 


4.12 


5.83 


-0.71 


1.00 


2.71 


4.41 


Tl669Hz(0,2,l) 


TO. 29 


Tl.00 


Tl-71 


T2.41 


±0.29 


T0.41 


Tl.12 


Tl.12 


1871Hz(3,2,l) 


0.26 


0.89 


1.52 


2.15 


-0.26 


0.33 


1.00 


1.63 


2849Hz(l,2,l) 


0.17 


0.59 


1.00 


1.41 


-0.17 


0.24 


0.66 


1.07 


0Hz(l,l,2) 


















=Fll80Hz(0,l,2) 


T0.41 


Tl.44 


T2.41 


T3.41 


±0.41 


TO. 59 


Tl-59 


T2.59 


2360Hz(2 or 1,1,2) 


0.21 


0.71 


1.21 


1.74 


-0.21 


0.29 


0.79 


1.29 


PPH 




lu = mQ 


+ nV2n 


L 




lu = mQ 


- 77 1 /2 0± 




Lu s (m Sl n s ,n) 


777 = 


m = 1 


m = 2 


771 = 3 


777 = 


777. = 1 


m = 2 


m = 3 


-489Hz(l,2,l) 


-2.41 


-4.83 


-7.24 


-9.66 


2.41 


0.00 


-2.41 


-4.83 


691Hz(2,2,l) 


1.71 


3.41 


5.12 


6.83 


-1.71 


0.00 


1.71 


3.41 


=Fl669Hz(l,2,l) 


TO. 71 


Tl.41 


T2.12 


T2.83 


±0.71 


0.00 


T 0.71 


Tl.41 


1871Hz(3,2,l) 


0.63 


1.26 


1.89 


2.52 


-0.63 


0.00 


0.63 


1.26 


2849Hz(l,2,l) 


0.41 


0.83 


1.24 


1.66 


-0.41 


0.00 


0.41 


0.83 


0Hz(l,l,2) 


















=Fll80Hz(0,l,2) 


Tl.41 


T2.41 


T3.41 


T4.41 


±1.41 


±0.41 


T0.59 


Tl-59 


1180Hz(2,l,2) 


1.41 


2.41 


3.41 


4.41 


-1.41 


-0.41 


0.59 


1.59 


2360HZ(3 or 1,1,2) 


0.71 


1.21 


1.71 


2.21 


-0.71 


-0.21 


0.29 


0.79 
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Table 6. Frequencies of resonant oscillations at k = (v3— 1)£7 (r = 6.46r g ) in units of lu s . 





(jr V 




uj = mQ - 


j_ „l/2n 






uj = mQ 


„l/2n 




uj s (m 


3 , 77,77,) 


ni = 


m = 1 


™ o 

m = z 


m = 3 


TO = 


TO = 1 


— z 


771 = 3 


looriz 




6.(6 


7 a a 
1 .45 


11.19 


1 /) no 
14.93 


O 70 

—3.72 


n nn 
0.00 


fz 


7 a a 
7.46 


-r- Q £i ' ) II, 


U,l,o J 


-T- 1 Q7 
Tl-0 I 


-t-O 70 

=Fz\ / o 


-t-/1 1 n 


T0-4D 


I 1 07 

±1.6 1 


n nn 
U.UU 


-r-1 Q7 


— i — o 70 

T Z. 1 6 


DzoMz 


2,1,3) 


n 7n 

u. /y 


1 CO 

1.58 


O O 7 


O 1 c 

3.15 


n c o 
—0.58 


n nn 
U.UU 


L). /9 


1 CO 

1.58 


oo / Hz 




n /i o 
U.42 


l.UU 


1 CQ 


n i r 
Z.10 


n a o 
— U.42 


n nn 
U.UU 


n a i 
U.4z 


i nn 
l.UU 


1 IZoxlz 


AM) 


U.oz 


n 7R 


1 on 
1 .zU 


1.00 


n qo 
— U.oz 


n nn 
U.UU 


U.oz 


n 7£ 
U. / 


i or ou^ 
loozHz 


2,1,3) 


n 17 
U.2/ 


n a o 
U.03 


1 nn 
l.UU 


1 07 

1.37 


n 07 
— U.2/ 


n nn 
U.UU 


L).z7 


n a o 
U.63 


lo4/xiZ 


o,l,o J 


n on 
U.2U 


n /i p. 
U.40 


n 7Q 
U. (O 


i nn 
l.UU 


n on 
— U.2U 


n nn 
U.UU 


n on 
U.zU 


n /i a. 
U.4o 


looxiz 


l,o,l j 


6.46 


i n 1 n 

iu.iy 


1 o no 
13.93 


1 7 

17.66 


—6.46 


O 70 

— 2. /3 


1 nn 
l.UU 


A 70 

4./3 


— i — o a o Un 
=p«3ozMz 


U,o,l j 


-t-O 07 

Tz.3/ 


— i — o 70 

T3. to 


—j— r 1 n 

=F5.1U 


=F6.46 


1 o 07 

±2.3/ 


i 1 nn 
±1.UU 


-i-n o7 

=FU.o r 


-r-1 70 

T 1.73 


OZoxiZ 


2,3,1) 


1 97 
l.O/ 


Z.liD 


o n/i 

z.y4 


A 07 
4.Z I 


1 Ofi 

— l.oo 


n 

—U.OO 


U.zl 


i nn 
l.UU 


oo / riz 


'1 Q 1\ 


l.UU 


1.58 


2.15 


O 70 

1.16 


1 nn 
— l.UU 


-0.42 


0.15 


n 70 
U. / o 


1 IZorlz 


^,6,1) 


n 7R 
U. / 


1.20 


1.65 


o no 
z.uy 


n 7£ 

— U. (0 


-0.32 


0.12 


U.OO 


loOZriz 


o -5 1 A 

,AO,lJ 


U.Oo 


1.00 


1.37 


1 73 

1. / O 


— U.OO 


-0.27 


0.10 


U.40 


1 8/1 7147 


0,0, 1J 


n 

U.^IO 


0.73 


1.00 


1 97 
l.Z / 




-0.20 


0.07 


u.o^ 








uj = mQ + k 






uj = mil — k 




u; s (ra s 


n Sl h) 


Tfl = 


m = 1 


TO = 2 


771 = 3 


TO = 


TO, = 1 


TO = 2 


777 = 3 


, 1 1 1. 

OHz 


1 1 O \ 

1,1,3) 


















T4yonz 


0,1,3) 


-r-n 70 
TU. / o 


T L73 


T2.73 


-t-O 70 

To. ( O 


i n 70 
±U. / o 


TO. 27 


Tl-27 


-t-O 07 

Tz.2 / 


nnmu^/i 

yyOHz(l or 


3,1,3) 


n 07 
U.3/ 


0.87 


1.37 


1 07 

1.87 


n 07 
— U.37 


0.13 


0.63 


1 1 o 

1.13 


1 i o - r I . , 
14o0riZ 


2,1,3) 


n O/i 
U.24 


0.58 


0.91 


1 O/l 

1.24 


n o /i 
— U.24 


0.09 


0.42 


n 7£ 
U. / 


lyoUliZ 


q i o\ 


U. lo 


0.43 


0.68 


n no 
U.yo 


— U. lo 


0.07 


0.32 


n ^7 
u.o / 


1 O OTU~ 

133Hz 


'o o 1 "\ 
2,3,1 ) 


O 70 

2. /3 


6.46 


10.19 


1 o no 
13.93 


O 70 

— 2.73 


1.00 


4.73 


O /I £ 

8.46 


ouznz 




1 on 

l.UU 


-2.37 


-3.73 


— o.iu 


i on 

l.UU 


-0.37 


-1.73 


3 1 n 

O.IU 


Dzoriz 


3,3,1) 


n 

U.Oo 


1.37 


2.15 


O O/l 

z.y4 


n £Q 
— U.oo 


0.21 


0.54 


1 70 

i. <y 


^50 < rlz 


,0,o,l) 


TU.42 


Tl.00 


Tl-58 


-t-O 1 K 


-i-n /io 

ztU.42 


TO. 15 


T0.73 


Ti.oi 


1 Q^OTT^ 

loozrlz 


1,3,1 ) 


n 07 
U.2 / 


0.63 


1.00 


1 Q7 
l.O ( 


n 07 

— U.2 I 


0.10 


0.46 


n oo 

U.OO 




rrn 




uj = mQ - 








uj = mQ 


-n l ' 2 Q 1 




o; s (m s 


n s ,n) 


771 = 


m = 1 


m = 2 


TO = 3 


™ n 

//? — u 


TO = 1 


m = 2 


TO = 3 


1 O OTU^ 

133Hz 


2,3,1) 


O 70 

3. /3 


7.46 


11.19 


1 /i no 
14.93 


O 70 

—3. /3 


0.00 


3.73 


*7 a a 
7.46 


-362Hz 


;i,3,i) 


-1.37 


-2.73 


-4.10 


-5.46 


1.37 


0.00 


-1.37 


-2.73 


628Hz 


;3,3,i) 


0.79 


1.58 


2.37 


3.15 


-0.79 


0.00 


0.79 


1.58 


T857Hz 


;o,3,i) 


TO. 58 


Tl-16 


Tl-73 


T2.31 


±0.58 


0.00 


T0.58 


Tl-16 


1352Hz 


1,3,1) 


0.37 


0.73 


1.10 


1.46 


-0.37 


0.00 


0.37 


0.73 


495Hz(0 or 


2,1,3) 


1.73 


2.73 


3.73 


4.73 


-1.73 


-0.73 


0.27 


1.27 
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Table 6. (Continued) 



990Hz(l or 3,1,3) 


0.87 


1.37 


1.87 


2.37 


-0.87 


-0.37 


0.13 


0.63 


1485Hz(2 or 4,1,3) 


0.58 


0.91 


1.24 


1.58 


-0.58 


-0.24 


0.09 


0.42 


1980Hz(3,l,3) 


0.43 


0.68 


0.93 


1.18 


-0.43 


-0.18 


0.07 


0.32 



Table 7. Spin frequency and pairs of Au)/u) s = 1, 1/2, and 1/3, when resonances occur at ft = (l/2)Sl(r =4. Org). 1 
U) s Uj/U s 

509Hz (1.00, 2.00, 3.00, 4.00, 5.00, 6.00 ...) 

1018Hz (0.50, 1.50, 2.50, 3.50, ...) 

1526Hz [[[0.33, 0.67, 1.00, 1.33, 1.67, 2.00, 2.33, 2.67,...]]] 

2035Hz [[0.25, 0.75, 1.25, 1.75, ....]] 



Table 8. Spin frequency and pairs of Auj/uj s = 1 when resonances occur at re = (\/2/2)f2(r = 6.0r g ). 



UJ S 




U>/U! s 


162Hz 


(1.00, 


2.00), (1.41, 2.41), (4.41, 5.41), (4.83, 5.83) 


229Hz 


(0.17, 


1.17), (3.12, 4.12), (5.54, 6.54) 


325Hz 


(1.21, 


2.21), (2.90, 3.91) 


392Hz 


(0.83, 


1.83), (1.00, 2.00), (2.24, 3.24), (2.41, 3.41), (3.83, 4.83), (5.24, 6.24) 


554Hz 


(0.71, 


1.71, 2.71, ...), (0.29, 1.29, 2.29,...) 


716Hz 


(0.23, 


1.23), (0.32, 1.32), (1.09, 2.09) 


879Hz 


(0.45, 


1.45) 


946Hz 


(0.34, 


1.34), (0.41, 1.41), (1.00, 2.00), (1.59, 2.59) 


1270Hz 


(0.18, 


1.18), (0.62, 1.62) 


1500Hz 


(0.26, 


1.26), (0.63, 1.63) 


2054Hz 


(0.19, 


1.19) 



Table 9. Spin frequency and pairs of Au)/oj b = 1 and 1/2 when resonances occur at re = (\/3/2)Sl(r = 12.0r g ). 2 





L)/W s 


52.5Hz 


(3.23, 4.23), (6.96, 7.96) 


143Hz 


(0.18, 1.18), (1.55, 2.55), (2.92, 3.92) 


170Hz 


(0.31, 1.31), (1.00, 2.00), (1.46, 2.46), (2.15, 3.15), (3.31, 4.31), (4.46, 5.46) 


220Hz 


(0.65, 1.65), (1.53, 2.53), (2.41, 3.41) 


339Hz 


(0.66, 1.66), (1.23, 2.23) 


365Hz 


(0.14, 1.14), (0.46, 1.46), (1.00, 2.00), (1.54, 2.54), [[1.54, 2.07]]* 


418Hz 


(0.34, 1.34), (0.81, 1.81), [[1.28, 1.75, 2.22]]* 


561Hz 


[[0.26, 0.75]]*, (0.30, 1.30), (0.65, 1.65) 
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Table 10. Spin frequency and pairs of Aui/ui s = 1 when resonances occur at k = (v3— \/2)Q,(r = 3.34r g ). 









U)/u> s 




GO 1 HZ 




z. iyj , 


(~\ r: c: o c;£\ (a oo £ no 1 ! /'c; 07 £ 07 s ! /a m in ni\ 
^i.oo, z.ooj, ^4.yz, o.y/j, ^o.z(, o.zi), ^y.ui, iu.uij 




AO A W-7 
4Z4HZ 






("1 o ^n^i ( a ak z. aK\ (7 fin s Rn"> hn 7/i '\~\ 7A\ 

[L.OV : Z.oUJ, ^4.40, 0.4DJ, ^/.DU, o.DUJ, ^lU./4, 11.(41, 


(W % 80 1 A 8G\ 


OO/liZ 




1.00 J, 


(pi 77 1 77\ nfi /i nfi't io a i o\ fi f:n\ 
^U. f f , 1. ( (J, (o.UD, 4.UDJ, (^o.lo, 4.18J, ^O.DU, 0.0UJ, ^8 


.ui, y.ui ) 


(olHz 


11. ZD, 


Z.ZD J , 


(4.66, 5.66) 




nnnUr. 
yUyliz 


(l.U / , 


z.U / J, 


(2.54, 3.54), (4.00, 5.00), (5.47, 6.47) 




y i onz 




i en 1 * 
l.oU j , 


(0.93, 1.93), (2.17, 3.17), (3.66, 4.66) 




1 ( ( liz 


/'n on 
(^U.zU, 


l.ZU j, 


(0.31, 1.31), (1.07, 2.07), (1.83, 2.83) 




1985Hz 


(0.19, 


1.19), 


(0.22, 1.22), (0.90, 1.90), (0.93, 1.93), (1.64, 2.64), (2.35, 3.35) 


2113Hz 


(1.09, 


2.09) 






2242Hz 


(0.44, 


1.44), 


(1.03, 2.03), (1.62, 2.62) 




2308Hz 


(0.34, 


1.34), 


(0.92, 1.92) 





Table 11. Spin frequency and pairs of Aw/w s = 1 and 1/2 when resonances occur at k= (V2 — l)Q(r = 3.62r g ). 3 
L0 S Uj/uj a 

489Hz (2.41, 3.41), (3.83, 4.83, 5.83), (6.24, 7.24, 8.24), (9.66, 10.66) 

691Hz (0.71, 1.71, 2.71), (2.41, 3.41, 4.41), (4.12, 5.12), (5.83, 6.83) 

1180Hz (0.41, 1.41, 2.41, 3.41, 4.41), (0.59, 1.59) 

1669Hz (0.71, 1.71), (1.12, 2.12), (1.41, 2.41) 

1871Hz (0.26, 1.26), (0.63, 1.63), (0.89, 1.89), (1.52, 2.52) 

2360Hz [[0.21, 0.71, 1.21, 1.71, 2.21]], [[0.29, 0.79]] 

2849Hz [[0.17, 0.66]]*, (0.66, 1.66), (0.41, 1.41) 



Table 12. Spin frequency and pairs of Au)/u) s = 1 and 1/2 when resonances occur at k = (-v/3- l)n(r = 6.46r g ). 4 
UJ S LU/U) S 

133Hz (2.73, 3.73, 4.73, ...), (6.46, 7.46, 8.46), (10.19, 11.19), (13.93, 14.93) 

362Hz (0.37, 1.37, 2.37, ...), (1.73, 2.73, 3.73, ...), (3.10, 4.10, 5.10, ...) 

495Hz (0.73, 1.73, 2.73, 3.73, 4.73, ... ), (0.27, 1.27, 2.27,...), [[1.73, 2.27]]* 

628Hz (0.58, 1.58), (0.79, 1.79), (1.37, 2.37), (2.15, 3.15) 

857Hz (0.58, 1.58), (1.16, 2.15) 

990Hz [[0.37, 0.87, 1.37, 1.87, 2.37,...]], [[0.13, 0.63, ...]] 

1485Hz [[0.09, 0.58]]*, (0.24, 1.24), [[0.42, 0.91]]*, (0.58, 1.58) 

1980Hz (0.18, 1.18), [[0.18, 0.68]], [[0.43, 0.93]] 
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Table 13. Observed kHz QPOs and their models. 











Models 










Spin 




Types, r/r s 


Spin(1.4Af©J 




V-/bCllldL10Ilb 






T1 80S 4— IftW 




1 9^1^00^ 1 7^(700) 


npn 1 9 n 

VjJT ±1. . U 


418 Hz 


1.28(m 


— 1^1 1 7 r \(m 

— 1), 1. i iJI / it 


— 9) 








1 03(41 s ! 








1 06 C 777 


— 4) 


1.5 


1 7*31 9fi0 


^94 TTv 


1 79^000^ 9 91^11^0^ 


ppxj ion 

V i III. ±Z.U 


418 Hz 


1.75(m 


— Z 1 , Z.ZZl A/1 










9 90^ 


ppv 19 n 

V I V i V , 1Z.VJ 






9 9Rfm 
Z . ZO 1 / 1 i 


- A) 


i i 


4TT 1 709 4^ 


^o 


1 QRffi 1 ^ 1 ^ ^OVlOOO^l 




OCC II,. 

365 Hz 


z.00(m 


— 0\ % (Y7Sm 

— z j , o.u t yiiL 


- A) 








2 12r700"l 2 73 f 902^ 


GGV 1 2 




z.07(m 


— 31 2 61 (m 


- 4) 


1.6 








GPH/GGV 4 


509 Hz 


2.00(m 


— ft) 3 00(?71 




2.2 


4U 1728-34 


364 Hz 


1.40(510), 2.40( 875) 


GPH/GGV, 6.0 


162 Hz 


1.41(m 


= 1), 2.41(m 


= 0) 


0.62 


4U 1636-53 


582 Hz 


1.55(900), 2.04(1190) 


GGV, 12.0 


365 Hz 


1.54(m 


= 2), 2.07(77i 


= 3) 


0.88 


AqlX-1 


549 Hz 


1.22(670), 1.69( 930) 


PGH, 12.0 


339 Hz 


1.23(m 


= 3), 1.66(m 


= 2) 








1.89(1040) 








1.81(771 


= 4) 


0.86 
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